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Failure models indexed by time and usage

by Simon P. Wilson

1 Introduction

A glance at any book or journal in the field of reliability and survival analysis
will show that much time and effort has been devoted to probabilistic models for
failure of an item or system of items. One can choose to model the time to
failure of an object from a wide variety of univariate probability distributions
such as the exponential, Weibull or gamma. The times to failure of a system of
units can be modelled by one of many multivariate distributions; see Hougaard
(1987) for a review of some of the more commonly used. All these distributions
have a feature in common, namely that they are indexed on a single variable or
scale of measurement. Often this variable is time but may be number of cycles,

amount of exposure to a hazardous material; any variable that the modeller

thinks relevant in fact.

Whilst these models are widely used and are very versatile, there are certain
situations where one would like failure of an item to be indexed by more than
one variable. In this case the existing models are not satisfactory. A classic
example is in the area of automobile warranties, where a manufacturer will agree
to repair or replace a vehicle if it fails within, say, 3 years or 30,000 miles from
production. If a manufacturer wishes to investigate the expected number of
warranty claims or tries to find a warranty that maximises his profit margin,
then it is necessary to have a failure model for automobiles that is in terms of
time to failure and number of miles to failure. Another example would be
measuring the number of deaths amongst mineworkers in terms of age at death
and amount of exposure to hazardous dust whilst at work. In both these
examples the two scales of measurement are obviously dependent - what is
needed is a failure model indexed jointly by the two scales. In this thesis we
assume these two scales are time and usage, but this work could equally be

applied to time and some other index like exposure to hazardous dust.




To the best of my knowledge almost no work has been published that looks at
this situation. That failure can be represented by more than one scale of
measurement has been recognised, see Farewell and Cox (1979) or Oakes (1988).
In these papers the authors consider the problem of reducing several scales of
measurement down to one that is most informative in some sense, with the

starting scales becoming time-dependent covariates.

The innovative nature of the idea here must be emphasised; this topic has
received almost no attention in the literature despite the fact that such models
arise naturally in many situations of interest. A naive solution to the problem of
having a suitable model would be to select one of the available bivariate failure
models and then attempt to justify its use as a time/use failure model in some
manner. However, this is not the approach taken in this thesis; instead,
assumptions are made concerning the dependence between the two scales of
measurement and a model is derived from those assumptions. It is hoped that
the result is a model with more justification than one developed from the former
approach, which would employ a model that was really designed to describe the

joint failure of two units in terms of one scale rather than the failure of one unit

in terms of two scales.

This thesis is split into 5 further sections. Section 2 introduces a family of models
indexed by time and usage then section 3 considers an example of this model in
some detail. Section 4 considers generalisations of the model and some problems
that may be encountered with them, whilst section 5 looks at a more realistic

stochastic process to model usage. Section 6 concludes the thesis and outlines

possible areas for future research in this topic.




2 A bivariate failure model indexed by time and usage.

The aim of this section is to introduce a generic bivariate model for failure in

terms of both time and usage.

Consider some unit or object like a car, a light bulb or any item which can
accurnulate use; in the case of an automobile this use will be mileage, in the case
of a light bulb it may be number of times switched on or the amount of time
that it is lit. To begin with, we observe that this unit may age over time, even
though it is mot used, due to rusting, humidity, adverse temperature and other
environmental effects. These effects are dynamic, that is change over time.
Singpurwalla and Youngren (1990) have shown that if w(t) denotes the failure
rate of the unit under ideal (or laboratory) storage conditions, and if the
dynamics of the storage environment are described by a stochastic process known
as a “gamma process” with parameters a(t) and b, then the failure rate of the
unit under storage is

(2.1) r(t) = a(t) In(1+ f’—gl )

If a(t) = a and w(t) = w then r(t) is a constant and so ageing under storage
would be that provided by an exponential distribution. Similar results are

obtained when the gamma process is replaced by a “shot-noise process”.

From (2.1) we have a failure rate for the unit when it is not used. Of course one
can choose any failure rate under non-use that one likes; the point of (2.1) is to
demonstrate that models have been developed in the literature to meet this
requirement. Now let us put the unit to use, and denote the amount of usage at
time t as M(t). We use the notion of proportional hazard (Cox (1972)) and
suppose that the effect of usage is to increase the conditional failure rate
r(t|M(t)) of the unit from r(t) to say r(t) + SM(t), where >0 is a constant;
other forms are possible. We are uncertain about the usage at time t and so M(t)
is assumed to be some positive and non-decreasing stochastic process, in
particular a Poisson process with intensity function A(t). Intuitively A(t)

measures the rate of use of the item over time, and figure 1 gives three possible




functions that are candidates for A(t): respectively a constant rate of use, cyclical
use and a rate of use that decreases as the unit becomes old. Observe that this
makes M(t) a discrete quantity taking values in the non-negative integers,

although one is at liberty to consider other, possibly real-valued, non-decreasing

stochastic processes to model M(t).

N
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Figure 1 Three candidate functions for ,\(t)b

N

With these assumptions we have tried to model the physics of the relationship
between time and usage to failure in a simple but intuitive way. In any event, we
are now able to derive a bivariate density for failure of the unit in terms of time
and use based on these assumptions. The derivation is quite straightforward, and
will only be outlined below; readers interested in the full technical details of the

derivation are referred to the appendix.




Let T denote time to failure and U usage to failure. T he first step is to reason as

follows

(2.2) fp ults u) = density of failure at time t and use u

— density of failure at time t and with use at time t of u
= fp Myt W)
= fome ™)

AM)" At

=ty —ar
t

where A(t) = [ A(s) ds, since M(t) is a Poisson process.
0

Using the well known identity connecting any continuous probability density f(t)

with its failure rate h(t)

we can say

t
(2.3) leM(t)(q M(t)=u) = (z(t)+pu) x exp (—J(r(s)—h@M(s)) ds | M(t)=u )
0

where [f(s) ds | {(t)=u denotes the integral of f(s) given that f(t)=u.

By using this expression, we can follow the method outlined by Lemoine and

Wenocur (1986) and arrive at

-R(t) ¢
I(t) + fu) e -8(t-s u
(2.4) fT\M(t)(tl u) = (=) ( A(t)) 7 ( t[ As) e B(t-s) ds )

t
where R(t) = [ r(s) ds, the cumulative hazard.
0




Now incorporate (2.4) into (2.2) to obtain

- t
(25) fT’U(ta 11) — (I'(t) + 6“) € € ( J A(S) e‘ﬂ(t-s) ds ) u
0

u!

"wheret >0,u=20,1,2, ..

It must be emphasised that this is not a bivariate density for failure in the usual
sense of modelling the joint failure of two items, but rather describes the failure
of a single item in terms of time and use. There is flexibility in this model, as
one is at liberty to assign any intensity of use function A(t) and failure rate for
storage r(t) that seems plausible, and indeed to alter the relationship r(t)+sM(t)
between them. Note that the integral appearing in (2.5) is the convolution of X(s)

with e” S, so can be found via Laplace transforms if direct integration proves

troublesome.

The above density enjoys some analytic tractability, even in the most general

case. For instance, the marginal of T is

t t
26) fp(t) = (()+8]x9) A9 4o) « exp {R(1) -[2(5) 1  PE5)) ag)
0 0

t>0.

This gives a marginal survival of

t
(2.7) F(t) = P(T>t) = exp { -R(t) - jx(s) (1- & Alts) )ds}  t>0.
0
It is then an easy matter to find the marginal failure rate as
f(t) ¢ B(t-
_ ) B(t-s)
(28) ) = f = f®F ﬂ(j; As) e ds £>0.

Equations (2.6), (2.7) and (2.8) defines a probability for time to failure that

considers both environmental and usage stresses on a unit, and as such is of

merit by itself as a univariate model.




Given (2.5) and (2.6) we have the conditional density of usage to failure given

time to failure as

(2.9) P(U=u|T=t) = IZE;)++6§Ft) X (n(i‘)) e'n(t) u=20,1,2, ..

where 5(t) = [A(s) & Pt5) g

Oyt

Note that this is a different density from M(t), usage at time t, unless A=0.
Whereas the expected value of M(t) is A(t), the expected value of U given T=t

can be shown to be

B
. E T=t ) = n(t —— ] .
(2.10) (U|T=t) n()x(1+r(t)+ﬂn(t))
which is seen to be equal to A(t) if and only if =0. In general, the marginal of U

is difficult to calculate, although as we see in Section 3 it can often be obtained

in special cases.

Uncertainty about the parameter 8 might be described by placing a prior
distribution on it. Uncertainty about the functions r(t) and A(t) could be
described by making them stochastic processes; thus M(t) would become a
doubly stochastic or conditional Poisson process. Section 3 looks at these ideas

for a particular example of the model.




3 Example

In this example we consider the simple situation of the failure of an electrical
switch in terms of T, the time to failure and U, the number of times the switch
is used. We assume that under storage conditions the switch ages according to an
exponential distribution with rate « (r(t) = o in the notation of section 2). Each
time the switch is used this failure rate is incremented by an amount 8 because
of the extra stress induced upon it (so r(t| M(t)) = a+BM(t) in the notation of
section 2). Finally, we assume that use of the switch occurs as a homogeneous
Poisson process (that is to say the time between uses of the switch are
independent and identically distributed exponential random variables) with rate
). Under these assumptions we may apply our model (2.5) and obtain the density
for failure at time t and number of uses u as

a+pu & (ot V)t
(3.1) fp yltw) _ (a6 )u!

(1-e’5t))u; t >0, u=0,1,2, ...

—~
™I~

The density is continuous in t but only defined for u an integer, so consists of a
sequence of univariate functions, continuous in t, equally spaced along the U-axis

at u=0, 1, 2, ... . The plots of such a density will be referred to as bivariate

density sheets.

The formulae given by (2.6) to (2.10) can be applied by letting r(t) = o and A(t)
= ); for example the marginal survival to time t, and marginal failure rate, of

the switch are

Fo(t) = exp { (o + Mt +3(1- P}
(3.2)
rp(t) =+ A (1- 7Y, £>0.

In this special case we can exploit the homogeneity of the Poisson process to

obtain the marginal for use to failure:

(o + Bu) A¥
(A + o + Bi)

(33) PU=u)= u=20,1,2, ..

11
=0




We also have an expression for the distribution function:

(3.4) P(T<t, U<u) = ioi\_(ﬁ%%?—) { 'zj:o (-l)i ( Iil ) (1- ex;;&ﬁ,\:-ﬂ?+pi)t}) }

Figure 2 is a plot of the density (3.1) when a=0.2, =0.2 and A=1.3.

The marginal moments for T and U can also be written down in this case,

although only rather messily in terms of the incomplete gamma function 7(a, n).

Let x =A/pand y = a/B. Then

(3.4) E(T)_—-e}q;}(x) ) (xty %)

and
(35) E(U) = exp() ¥ C) x (@b, %) - (L2c4y) a(lchy, x) +
x(14+x+y) 7(x+7, %) ) -

Now we consider the placing of priors on the parameters (o, 8, A) of (3.1), and
address the question of using data to update our prior distributions. The first
observation is that if o and g are independent of X then the gamma distribution

is a conjugate prior for A. This is easy to see from (3.1) by noting that

L(x|t,u) =f(t,ulX)

x AU e-t’\

Suppose A has a gamma distribution with shape v, and scale 9. Given n
(independent) observed time-use failure pairs (t1, uy), - (tn, up) we have a

posterior for A :

(35) (A | (t]_7 ul)’ ey (tn up)) () x L(X ‘ (tl’ ul)’ ey (tn) up))




. ’\vl-l+zul e‘(91+§:tl)/\

so that the posterior of A is gamma with shape v+ Tu and scale 0+ Tt

The likelihoods for o« and B do not appear to possess a recognisable conjugate
prior. However, in the case of a a posterior can still be written down in closed
form, albeit an increasingly complex one as we increase the amount of data, if we
assume a gamma prior on a. Assume a is independent A. The likelihood of a can

be written :
L(a | B, t, u) o (atBu) e

Assume that the prior on « is a gamma with shape v and scale 0, Then the

posterior of a is of the form

(3.6) (x| B, (tl,ul),...,(tn,un)) x w(a)xL(a | 3, (tl,ul),...,(tn,un))

{9 t. 1 >n
x e( ot ) Y avzl H(a+ﬁui)
i=1

The normalising constant here will be

[e,e}

(3.7) j

0 1=

Expanding the product, we see that the integrand is a finite sum of powers of «
multiplied by exp{—(02+2ti)a}, so (3.7), the normalising constant for the

posterior of a given by (3.6), is just a finite sum of gamma functions. Thus we

-(8 t. .1 o
Gt Tt)e - vyl 11 (a+py;) da
i=1

can give the exact posterior of a. This posterior is dependent upon 5, so even if
we assume o and 8 to be a priori independent, they are dependent in the

posterior.

Similar calculations for 8 are less straightforward, due to the more complex
nature of the likelihood. There is no closed form posterior for @ for any of the
commonly used priors, and it appears that one would have to employ simulation

or some other approximation to obtain a posterior. If 3 were known or assumed

10




as some value. then (3.5) and (3.6) show that one could proceed to calculate

exact posteriors for  and A given that they

independence of « and A would remain, so the
then we would need to calculate a

had independent gamma priors. The

se calculations could be done

separately. If some prior was placed on 8,

joint posterior for a and 8 because of the dependence that 1s introduced between

them.

fT,U(t’ u)
3

A3

@ ‘ ‘ 7//[1'm ———
1 2 ' "1
‘//////7///11 SN

{ . .
, W ‘ ///{////4// ‘ —

1/ T T T T -

I

Figure 2 Bivariate density sheets for (3.1)




4 Using other stochastic processes to model usage

There are several ways by which the model outlined in Section 2 can be
generalised. One that comes straight to mind is to model cumulative usage as
some stochastic process other than Poisson, perhaps some process taking values
in [0,00) instead of the non-negative integers. There are numerous stochastic

processes that one could look at, and intuitively any process M(t) that satisfies

i) M(0)=0
i) M(t) >0 vt
iii) M(t) is non-decreasing

is a possible candidate to model usage.

Given that we decide on some process M(t), then from (2.2) and (2.3) we see
that to obtain a density for failure in time and usage requires us to know two

things about M(t)
a) The density of M(t) and
t
b) an evaluation of exp ( -8f M(s) ds | M(t)=u )
0

Recall that we assume the failure rate of a unit when it is not used is r(t). The
effect of usage m is to increase the failure rate to r(t)+p8m, where 8 is a constant.

In other words :
r(t | m) = r(t)+fm

Since usage is assumed to be a stochastic process M(t), we rewrite the

conditional failure rate as:
r(t] M(t)) = r(t)+8M(t)
What we desire is the density of failure at time t and usage u. Let T be the

12




random variable denoting time to failure, and let U be the random variable

denoting usage to failure. As in section 2, we reason as follows:

(4.1) f(t, u) = density of failure at time t and usage u
= density of failure at time t and with usage at time t of u
= f(t, M(t)=u)
= f(M(t)) x f(t [M(t))

Using our conditional failure rate r(t| M(t)) we can say

t
(4.2)  f(t] M(t)=u) = (x(t)+pu) exp(_[ (t)-+M(s) ds | M(t)=u )
0 t
= (e(t)+8u) € ) x exp (- 5[ M(s) ds | M(t)=u )
t 0
where R(t) = Jr(s) ds
0

Combining equations (4.1) and (4.2) we see that the required joint density is of

the form

t
(43) (t, w) = £M(H)=0) x (x(t)+8u) € ) exp (=] M(s) ds | M(t)=u).
0
(4.3) provides a most general expression for a class of densities indexed by time

and usage. By making M(t) a Poisson process, we obtain the model of section 2.

What about M(t) as another stochastic process? I have studied, as a first
example, the case of modelling M(t) as a homogeneous compound Poisson
process. This can be described as a homogeneous Poisson process where the jump
at each event is no longer 1, but some random variable. I considered the case
where the jump sizes are independent and identically distributed exponential
random variables. In other words, if N(t) denotes the number of events at time t
(which is a homogeneous Poisson process) and U, are iid exponential then
0, if N(t)=0
(4.4) M(t) = { N(t) (®)
U, if N(t)>1
1

i=

13




This process satisfies the three criteria i), ii) and iii). A typical realisation of this
process is given by figure 3. M(t) can now take any non-negative value. To give

this model some practical explanation, imagine that M(t) is the number of miles

T T T T T T Y

M(t)

Figure 3 Typical realisation of a compound Poisson process M(t)

an automobile has driven. Under this model we are then assuming that the car is
used according to a homogeﬁeous Poisson process, and that each time it is used
the number of miles driven is an exponential random variable. Amongst other
things, this means that we assume each time between uses of the vehicle is
independent. Since this process is a 'jump’ process, we are also tacitly assuming
that these miles are accumulated instantly, whereas of course in reality they are
accumulated over some period of time. If we assume, as we did in the example of
Section 3, that the conditional failure rate is « + AM(t), then we are ready to
derive the joint denmsity via the same method employed in Section 2. M(t) is

compound Poisson; let the usage events occur as a Poisson process with rate A

14




and let each jump in the process be exponential with mean 1. The density of
M(t) can be computed; it is continuous on (0,00) and has positive probability

mass at 0, since there is always a positive probability that N(t)=0.

The density of M(t) is given by:

45) PM(t)=0)=e  fH,) = WAt i (—*i)—riﬁ—l- u>0
TOTM(t) 1 n! (n-1)!

n=

It remains to calculate fTIM(t)(tI u). Observe from (2.3) that this is

t

46) Lol 0) = (he) e exp {0 ] M(s) ds | Mlt)=u }

0
To find fOt M(s) ds, the area under M(s) between 0 and t, given that M(t)=u
was quite straightforward in section 2 when M(s) was Poisson but is now much
more difficult. I have been unable to obtain a closed form for (4.3) when M(t) is
compound Poisson, but by conditioning on N(t) and combining with (4.5) I can

say that for t >0 and u>0 thereis a joint continuous density of the form

4.7 fpyltu) = (a + pu) e'(a’_*-'\)t el et o io: AR In(t, u; B)
’ n=1

where Ip(t, u; 8) is a 2n-dimensional integral given by

In(t, u; B) = Jﬂn exp { g ._21—1:1 s ui} d(s, u)

n
Eui=u ; 0§s1_<_...§sn_<_t}

and Qn={(§,1_1)eR2n| w>0 ;
i=1

As with (2.5), the details of the derivation of (4.7) are rather cumbersome but
present few difficulties and have been relegated to the appendix. This integral
has finite value, and of course can be evaluated numerically. It is possible to
analytically integrate out (s15++5n)s leaving an n-dimensional integral over
(ul,...,un) to calculate numerically. We are integrating over the simplex 3 u;=u,
and so can reduce this integral to an (n—1)-dimensional problem. This is still a
rather forbidding task for even moderate values of n, and to become practicable

further simplification of (4.4) will be necessary.

15




As there is positive probability mass at M(t)=0, so there is mass at U=0 (that is,
along the T-axis) in the joint density. We can show that

(48)  P(U=0) = %

It is distributed along this axis with mass function

fp y(t, 0) =@ e (et t>0

Although the joint density appears to be beyond a closed form representation, by
following the method of Lemoine and Wenocur (1986) one can obtain the
marginal survival for time to failure as :

Y
(49)  P(T>t) = (14t)? TV £>0

The marginal failure rate is

(410)  rp®) = e+ Ay £>0
We notice a similarity between (4.10) and the marginal failure rate of the model
example in section 3, given by (3.2). Recall that the model there simply assumed

M(t) as a homogeneous Poisson process with intensity A. In both cases we have :

rp(0) = @ ; ltl_rgo rp(t) = et 5 rp(t) is strictly increasing.
The density specified in (4.7) is more easily approximated via simulation. The
integral in (4.6) can be easily simulated by computer and this enables us to
approximate a density value for any given t and u. If no further simplification of
(4.7) is possible, then numerical simulation is the easier and quicker option over

numerical integration. Details of a simulation plan are to be found in the

appendix. Figure 4 overpage is a plot of the simulated joint demsity for
a=p=i=1.




In conclusion of this sectiom, it is clear that modelling usage by a real-valued
stochastic process, instead of a Poisson process, may make matters more realistic
but does increase the complexity of the resulting density. The situation examined
in this section is a good example of what can happen; the compound Poisson
process is one of the more analytically tractable real-valued stochastic processes

vet it is still difficult to define the associated joint density of failure.

0.05

0.00

Figure 4 Simulated joint density for (4.7)
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5 The usage process

As an aside to the probability model proposed in this thesis, an idealised
stochastic process for modelling usage of an automobile, computer or any device
where usage is a real-valued quantity 1s introduced. This process will be called
the usage process. The usage process is a function of three sets of non-negative

valued random variables :

i) Xy, Xo, Xgy o define the length of consecutive periods of rest and

i) Yy, Yo, Y3, ... define the length of consecutive periods of use and

i) Gy, Go, Gg, - define the rate of use during each period of use Y, Y etc.

The process starts with rest period X;. At the end of this period the first usage
period Y, starts, with usage accumulating at the random rate G;. When Y,
finishes, X, begins and so on, with each rest period X, followed by a use period
Y. During the ith usage period, amount of use increases at a rate G;. During rest
periods the amount of usage stays constant. The amount of use in the i-th use

period will be Y. G;. Figure 5 shows a typical realisation of the usage process.

Let M(t) denote the amount of use at time t. First of all, if we suppose that at

time t we are in the (n+1)th rest period, then usage to time t is given by

(5.1) M(t) = 3 YiG; -
i

Now suppose at time t we are in the (n+1)th use period, which started at time

T Then the usage to time t is given by the following equation :

n+1°
(5.2) M(t) = é:l Y.G, + (t-Tp31)Cnp1
where T} = X
T, =T, + Y1 + X i=2,3, ..
18




We can combine (5.1) and (5.2) into one expression by

(5.3) M) = S min{ Y, B(=T)x(+T) ) G;
=

where T are defined as in (5.2)

g 1,ifx>0
and h(x) = 0, otherwise

M(t)

t

Figure 5 Typical realisation of the usage process M(t)-

In practice, one could allow one or more of the three sets of random variables to
be deterministic if the situation required it; i.e if M(t) measured the length of
time a light bulb is switched on up to time t then G;=1vi would be sensible. If
the X, are independent and identically distributed, and the Y, are too, then the
sequence (Xl’ Yl, X2, Y2, ...) is an alternating renewal process.

19




6 Conclusion

This thesis is an initial attempt at addressing some of the requirements for
models indexed by time and usage. The approach has been to make assumptions
about the relationship between the two scales of measurement and to develop a
probability model from those assumptions. In section 2, as well as obtaining a
class of joint densities, a class of marginal densities for time to failure was
obtained that may be considered a viable univariate model for failure in its own
right. By allowing specification of a rate of use function X(t) and a hazard
function r(t) to describe environmental effects, the model offers great flexibility.
The discrete nature of the usage variable U is not, I believe, a cause for concern
since one is at liberty to make the unit of use relatively small (so for example in

the case of automobile mileage, setting U to be the number of miles driven).

Section 4 considered the replacement of the Poisson process to model usage by
some other stochastic process, and gave an example which showed that one can
expect greater problems in deriving the model. Generally, my attempts to make

usage a continuous quantity have met with only partial success so far.

Section 5 considered a more realistic stochastic process to model usage than is
used in the rest of the thesis, named the usage process. Ideally one would like to
obtain a model of the form proposed here that used this process for M(t), but
there remains a great deal of investigation to be done before that can be
achieved. It is quite possible that analytic results will be unobtainable, although
one should be able to simulate the process if this is the case. It is my intention to

continue research on this particular topic.

In summary, then, this is a new area of research and there are many avenues of
thought still to be explored. There are entirely different methods of creating
models indexed by two variables that need to be investigated, and the method
used here needs to be extended to other usage processes, perhaps to other forms
for the conditional failure rate and even to looking at models indexed by three or
more dependent variables. In the immediate future, my research in this area will

concentrate on the usage process and on trying to develop a model around it.
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Appendix
Deriving a failure model indexed by time and usage

This appendix shows how the failure model indexed by time and usage may be

derived. It will consider the specific cases that were introduced in sections 2 and

4.

Recall from equation 4.3 that we have a general expression for the density of
failure at time t and usage u, when the conditional failure rate is r(t)+AM(t) and

M(t) is a stochastic process describing usage.

t
(A1) (t, u) = f(M(t)=u) x (c(t)+6u) R exp (5 j M(s) ds | M(t)=u ).
0
In the following two sections we will show the derivation of (A1) when M(t) is a

Poisson process (as in section 2) and a compound homogeneous Poisson process

(as in section 4).
The Poisson process

Let M(t) be a Poisson process with intensity function A(t). Its density is Poisson
with mean A(t). What about the integral that equation (Al) says we must
specify to find the density? Let S; denote the time of the i-th event in the

process. If M(t)=u then the area under the process from 0 to t is :

t u
(jM(s) ds | M(t)=u) = tu_zlsi
0 i=

Conditional on M(t)=u then, as an unordered set, standard Poisson process
theory tells us that the Si’s are distributed as a random variable S which has
density A(s)/A(t) on [0, t), and is O otherwise. So

§ u
(A2) exp (-6 M(s) ds | M(t)=u) = E ((exp (-ﬁ(tu-zosi»l M(t)=u)
0 1=

= E ( exp (-B(tu-Su)) | M(t)=u)

21




= {E(exp(-4(69) | M(t)=u ) }"

|

Substitute this expression into (Al) to obtain equation (2.4) as required.

u

exp(-(t-5)) - As)/A(L) ds }

Ot——rmyt+

Compound Poisson Process

In section 4 we attempted to generalise the model of section 2. To simplify

matters a little, we assumed that r(t), the non-use failure rate, was a constant a.

Let M(t) be a homogeneous compound Poisson process with intensity A, and let
each jump in the process be an independent and identically distributed
exponential random variable with mean 1. Let N(t) be the number of events to
time t (so that N(t) is Poisson with mean At). Then M(t) can be defined as

0, if N(t)=0
N(t)
M(t) = S ULLHNE) 21
i=1

where the U, are iid exponential random variables with mean 1.

The density for M(t) can be calculated by conditioning on N(t); if N(t)=n then
M(t) is the sum of n iid exponentials with mean 1, so has a gamma distribution
with shape n and scale 1. M(t) can take any value in [0, o). First note that

P(M(t)=0) = P(N(t)=0) = e**

so that there is mass at M(t)=0. For M(t)=u>0 there is a continuous density

function

(A3)  HM(t)=u) = 3= £(M(t)=u | N(t)=n) P(N(t)=n)

n=1
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So for this particular compound Poisson process we have a density function.

As well as the density of M(t), we must specify an exponent of the integral of

M(t). This was easy when M(t) was a Poisson process, but now this is more
difficult. Let S; be the epoch of the i-th event, and let U; be the amount of usage
at the i-th event By observation of figure 3, one can see that the area under the

process, conditional on N(t)=n, is

t

(a9) (M) ds | M=, N(t)=n) = gn:l
0 i=

In the Poisson process case M(t)=N(t) but here that is not so. If M(t)=0 then
obviously [M(s) ds=0 so that f(t] M(t)=0) becomes ae @ For M(t)=u>0

t N(t)
(A5)  exp {_ﬁ[M(s) ds | M(t)=u} = E (exp { _ﬁ-zl (t-5;) U; } M(t)=u).
0 i=

Condition on N(t) and average with respect to the distribution of N(t) given
M(t)

—ZE(exp{ ﬂZt S,) Ujh | M(t)=v, N()—n)xp( (t)=n | M(t)=uv) .

Conditional on N(t)=n, then M(t) = Z U, = u, so we can say:
i=1

= il (exP{ BtEU + ﬂZSlUl} | M(t)=u, N(t)—n) x P(N(t)=n | M(t)=u)
= il E ( exp { -Btu + ﬁ_;SiUi } | M(t)=u, N(t)zn) « P(N(t)=n | M(t)=u)

_ o ftu i_‘jl E (~exp { ﬁi:l 5,U; } | M(t)=u, N(t)=n ) x P(N(t)=n | M(t)=u)

..... Equation (A6)




What is P(N(t)=n| M(t)=u), that appears in (A6)? If u=0 then N(t)=0 with
probability 1, so P(N(t)=0 | M(t)=0) = L.
If u>0 then we have the following :

(A7) P(N(t)=n| M(t)=u) = P(N(t)=n)PP(’1(v1;/gS):$ | N(t)=n)

(M) . Wl e

u
N D L n=1,2,3, ...

It can be shown, in a similar fashion to (A7), that conditional on M(t)=u>0 and

N(t)=n the joint density of (Uy, ..., Up) is

(A8)  f(uy, ..y up | M(t)=u, N(t)=n) = ( 1' ;  for u. >0, i w=u
ol ="

and that the joint density of (Sy, ..., Sp) is
(A9)  f(sq, - sn | M(t)=u, N(t)=n) = fx_:!\ ; for0<s;<sg<...<sp<t

and that the two sets of random variables (Uy,...,Up) and (Sq5-:5n) are
independent. Use (A7), (A8) and (A9) in equation (A6) to say

t

exp{-# | M(s) ds | M(t)=v}
0
un'l(,\t)n
pra _(o-)fal ¢ (o)t ol o
N '[Qn olm OP {'Biglslul} (s, u)

2D

1=
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-4ty Q n
A10 =5 _ — x AR exp { 8% s:u: }d(s,u
(A10) T P [o o (2% s ) dis
Z

n
where Q = {(Sl’ covy STy Uy oons up) € R2n| u; > 0,'21ui:u’ 0<sy<...<sp< t}
1=

Use (A10) and (A3) in (Al) to give the joint density expression of (4.4) that we

require.

Simulation

Numerical integration of (A10) is a forbidding task. Simulation provides a
quicker method of approximating (A10), via equations (AS5), (AT), (A8) and
(A9). A simulation strategy to calculate the density at one point (t, u) is

outlined below. Assume a, 8 and A known.

Before the strategy is given, there is one observation to make. The distribution of
(Uy,-.-,Un) given M(t) and N(t), (A7), is that of the order statistics of (n-1)
independent uniform random variables on [0,u]. It is easy to show that if we take
the order statistics of (n-1) samples from a uniform distribution on [0,u], then the

distance between each consecutive order statistic gives a sample uy,...,up.

Select (t, u), where u>0 (we know the joint distribution for u=0). The
expectation (A5), which forms part of the joint density, is estimated by the

mean of a sample of size K, where K is some suitably large number.

Repeat : k=1
- using (A7), sample from the distribution of N(t) | M(t)=u to find a value n*.

- using (A8), sample from (Uy, ...,Un*) | M(t)=u, N(t)=n*. Generate n*-1

samples from a uniform on [0, u], say (Vl’""vn*-l)' Order them, so that

v(1)<v(2)<...<v(n*_1). Now u1=v(1), u2=v(2)—v(1), veey un*zu—v(n*_l)is the
required sample.




- using (A9), sample from (Sl,...,Sn*) | M(t)=u, N(t)=n*. Generate n* uniform

samples on [0,t]. The ordered sample is sy, ..., s %
*
n
- = exp{ B E siui} .
=1
- k=k+1. Until k=K

Using (A3) in (A1) we can write the joint density of T and U as

00 n,n-1 t
f(t, u) = eWAt 21 %x(a+,@u) e ®'E (exp { - ﬂj M(s) ds} | M(t):u)
n= 0
i~ n ,o-1 N(t)
= (a+pu) e‘u'(a-}-/\)t Z;l %t!_)(__n-ﬂ—!_ xE (exp{ —ﬁtu-{-ﬁ.; SiUi} | M(t):u).

Now use the mean of ey,....e to estimate the expectation that occurs in the

above expression:

00 n  n-1 K
(ALL) f(t,u) = (a+50) e—u'(a+/\)t git_)__li__ x e Ptu % El ey -
J:

= n! (n-1)!

All the three sets of samples to be made - n, (ul,...,un*) and (sl,...,sn*) - are
easy; the first is a discrete distribution and the latter two only require sampling
from a uniform distribution followed by some sorting. Figure 5 gave a plot of a
simulated density when o=pg=A=1 using the above procedure. In this case
P(U=0)=0.5, so the volume under the jointly continuous part of the density is
only 0.5. For this simulation K=10000 and the infinite sum present in (All) was

truncated at n=100 (the sum converges very rapidly). Calculations on a PC took

around 4 seconds per density value.
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